A Modified Approach to Single-Spin Detection Using Magnetic Resonance
  Force Microscopy by Berman, Gennady P. & Tsifrinovich, Vladimir I.
ar
X
iv
:c
on
d-
m
at
/9
90
74
95
v1
  3
0 
Ju
l 1
99
9
A Modified Approach to Single-Spin Detection
Using Magnetic Resonance Force Microscopy
Gennady P. Berman1, and Vladimir I. Tsifrinovich2
1Theoretical Division and CNLS, Los Alamos National Laboratory, Los Alamos, New Mexico 87545
2Department of Applied Mathematics and Physics, Polytechnic University, Six Metrotech Center, Brooklyn NY 11201
The magnetic moment of a single spin interacting with a
cantilever in magnetic resonance force microscopy (MRFM)
experiences quantum jumps in orientation rather than smooth
oscillations. These jumps cannot be detected by a conven-
tional MRFM based on observation of driven resonant oscil-
lations of a cantilever. In this paper, we propose a method
which will allow detection of the magnetic signal from a sin-
gle spin using a modification of a conventional MRFM. We
estimate the opportunity to detect the magnetic signal from
a single proton.
1. Introduction
In 1991, Sidles [1] proposed a force detection of nuclear
magnetic resonance which could achieve a sensitivity to
detect the magnetic signal from a single proton spin. This
idea gave birth to magnetic resonance force microscopy
(MRFM). MRFM has been used to increase the sensitiv-
ity and spatial resolution for an electron spin resonance
[2], ferromagnetic resonance [3], and nuclear magnetic
resonance [4]. In conventional MRFM, a magnetic parti-
cle produces a non-uniform magnetic field which attracts
or repels the magnetic moment of a sample placed on
a cantilever, depending on the direction of a magnetic
moment. The magnetic resonance technique provides
oscillations of the magnetic moment orientation which
cause resonant vibrations of the cantilever. These vibra-
tions can be detected, for example, using optical meth-
ods. This method clearly does not apply to single-spin
detection, because when interacting with a cantilever a
single spin exhibits quantum jumps rather than smooth
oscillations of its z-component (a component in the di-
rection of the permanent magnetic field). Indeed, obser-
vation of driven oscillations of a cantilever would have
allowed one to measure a continuous change of a single
spin z-component, a measurement which is forbidden by
quantum mechanics.
In this paper, we suggest a modification of the conven-
tional MRFM technique which will allow one to detect
a single spin. The main idea is the following. While
a single spin located on the “classical” cantilever and
driven by the external resonant radio-frequency field is
not able to produce a harmonic magnetic force (because
of quantum jumps), it can still produce a periodic mag-
netic force (with a period of the cantilever oscillations)
caused by a periodic sequence of radio-frequency pulses.
In our scheme, a periodic sequence of short pulses pro-
duces periodic spin flips. The time to flip the spin is
much shorter than the period of the cantilever oscilla-
tions. Thus, the cantilever does not destroy each indi-
vidual spin flip. The periodic magnetic force produced
by these spin flips has many harmonics including one
which is resonant with the cantilever oscillations. Thus,
this pulsed periodic force can drive the resonant vibra-
tions of the cantilever as well as a harmonic force. The
whole picture reminds two children, which drive the res-
onant vibrations of a swing pushing it periodically back
and forth during short time-intervals (see Fig. 1). (The
difference is that in the case of a cantilever the magnetic
force changes the direction during short time-intervals,
but does not vanish between the successive pulses.) In
Section 2, we describe the dynamics of a cantilever. In
Section 3, we explain our strategy for detection of a single
spin. In Section 4, we estimate the value of the magnetic
signal from a single proton.
2. Dynamics of the cantilever
Fig. 2, shows the typical geometry of a MRFM experi-
ment. The sample, S, containing the spin to be measured
is mounted at the free end of the cantilever. A small fer-
romagnetic particle, F , produces non-uniform magnetic
field, Bf , in the sample, S. A large uniform magnetic
field, B0, is directed in the positive z-direction, while the
radio-frequency (rf) field, B1, is polarized in the xy-plane.
The non-uniform magnetic field produced by the ferro-
magnetic probe changes the magnetic field in the sample
in such a way that only selected spins are in resonance
with the rf field. The change in orientation of selected
spins under the action of the rf field influences the mag-
netic force between the ferromagnetic particle and the
sample, which causes the oscillations of the cantilever.
For optimal MRFM imaging (to scan a sample of an ar-
bitrary form) it is desirable to place the ferromagnetic
particle on a cantilever. However, this replacement faces
technical problems.
Assume the cantilever has dimensions: lc (length), wc
(width), and tc (thickness) (see Fig. 3). The equation
of motion for the cantilever displacement, zc(x, t), under
the action of the external harmonic force, Fω exp(iωt),
can be written as [5],
Et2c
12
∂4zc
∂x4
+ ρ
∂2zc
∂t2
=
1
tcwc
δ(xc − lc)Fω exp(iωt). (1)
Here, E is Young’s modulus, ρ is the density of a can-
tilever, and the external force is polarized along the z-
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axes and is applied to the free end of a cantilever. With
boundary conditions,
zc|x=0 = ∂zc
∂x
|x=0 = ∂
2zc
∂x2
|x=lc =
∂3zc
∂x3
|x=lc = 0, (2)
the solution of Eq. (1) for driven oscillations for the point
zc(x = lc, t) takes the form,
zc =
4
m
∞∑
n=1
Fω
ω2n − ω2
eiωt, (3)
where m is the mass of a cantilever. The summation in
Eq. (3) is taken over all eigenfrequencies of the cantilever,
ωn = (tcλ
2
n/l
2
c)(E/12ρ)
1/2, (4)
where the coefficients, λn, satisfy the equation,
coshλn cosλn = −1. (5)
Neglecting all terms in Eq. (3) except for the first one
with n = 1, and taking into consideration the finite value
of the quality factor, Q, of the cantilever, we have from
Eq. (3),
zc ≈ 4Fω/m
ω2c − ω2 + iω2/Q
eiωt, (6)
where ωc is the lowest eigenfrequency of the cantilever,
ωc = ω1 ≈ 1.04(tc/l2c)(E/ρ)1/2, (7)
and λ1 ≈ 1.9.
For ω = 0, this expression transforms into,
F0 ≈ mω
2
c
4
zc, or zc ≈ F0/kc. (8)
The coefficient, kc = mω
2
c/4, is the effective “spring con-
stant” of the cantilever. At resonance, ω = ωc, Eq. (6)
takes the form,
zc ≈ −iQ(Fω/kc)eiωct. (9)
Eq. (9) describes the resonant enhancement of the oscil-
lations by a quality factor, Q.
Using the fluctuation-dissipation theorem [6], one can
estimate both the root-mean-square (rms) vibration am-
plitude, zrms, and the rms force, Frms, caused by the
thermal vibrations,
zrms =
[
2h¯Im(χ) coth
(
h¯ω
2kBT
)
∆f
]1/2
≈ (10)
[4kBTQ∆f/kcωc]
1/2,
Frms =
[
2h¯Im(χ)
|χ|2 coth
(
h¯ω
2kBT
)
∆f
]1/2
≈
[
4kBTkc∆f
Qωc
]1/2
= (kc/Q)zrms,
where χ = iQ/kc is the resonant susceptibility, and ∆f
is the noise bandwidth of the cantilever. The second ex-
pression in Eq. (10) determines the minimum detectable
rms force.
At present, the driven cantilever vibrations in MRFM
are caused by the harmonic oscillations of the z-
component of a magnetic moment of a sample. As an
example, in the first experiment [4] on the proton mag-
netic resonance in ammonium nitrate, the frequency of
the rf field, B1, was modulated with a cantilever fre-
quency, ωc. Then, the effective magnetic field which acts
on a proton in the rotating reference frame changed adi-
abatically its direction (cyclic adiabatic inversion). As a
result, the z-component of a nuclear magnetic moment in
the sample oscillates with the frequency ωc, producing a
resonant force on the cantilever. In this experiment, the
permanent magnetic field was, B0 ≈ 2.35T, the ampli-
tude of the rf field was, B1 ∼ 10−3T. These parameters
correspond to the NMR frequency,
f0 = (γ/2pi)B0 = 100MHz,
and the Rabi frequency,
fR = (γ/2pi)B1 ∼ 42.6kHz,
where γ is the proton gyromagnetic ratio (γ/2pi = 4.26×
107Hz/T). The modulated frequency of the rf field,
f = f0 + (Ω/2pi) sinωct,
had the peak deviation: Ω/2pi ∼ 100kHz. An iron par-
ticle created the rms magnetic force of 1.1 × 10−14N.
A 900
o
A thick silicon nitride cantilever had the spring
constant, kc = 10
−3N/m, resonant frequency, ωc/2pi =
1.4kHz, and a noise bandwidth, ∆f = 0.25Hz. The rms
vibration noise at room temperature was: zrms ≈ 5
o
A,
and the corresponding value of the signal was zc,rms ≈
110
o
A, which provided a signal-to-noise ratio of 22. Con-
sequently, in this experiment, the minimum detectable
rms force was 5× 10−16N.
2. Detection of a single spin
Currently, MRFM exploits resonant vibrations of a can-
tilever driven by the continuous oscillations of the z-
component of the sample magnetic moment, mz. This
method does not fit for a single spin detection. Indeed, a
cantilever interacts with a spin like a macroscopic mea-
suring device interacts with a quantum system. A single
spin 1/2 interacting with a cantilever can exhibit only
quantum jumps between the ground state and the ex-
cited state, but not a continuous change of mz between
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the values−h¯/2 and h¯/2. As a result, a cantilever will ex-
perience a magnetic force, Fz = ±F = ±m0∇Bz , which
randomly changes its sign (m0 = γh¯/2 is the magnetic
moment of a particle). Random external force crucially
reduces the resonant susceptibility of a cantilever.
To provide a resonant response in MRFM for single
spin detection we suggest the following modification of
the conventional MRFM method. One should change
the direction of the spin during the time interval which
is short in comparison with the period of the cantilever
oscillations, Tc = 2pi/ωc. For a cantilever such change in
spin direction is equivalent to a quantum jump.
To change the direction of a spin, one can use either
a powerful pi-pulse or fast adiabatic inversion. Consider,
for example, the first opportunity. Then, one applies a rf
pulse with a NMR frequency, γ(B0+Bf ), the amplitude,
pi/τ , and a duration, τ which is small in comparison with
the period of a cantilever vibration, Tc. During a short
time interval, τ , the wave function of the spin evolves
according to the Schro¨dinger equation, i.e. during the
time interval, τ , spin transfers from the ground state to
the excited state or vice versa. Next, one applies the
same pi-pulses periodically, with a period Tc/2. In this
case, the cantilever experiences a periodic force, F (t) =
F (t+Tc) = ±m0∇Bz which induces resonant vibrations
of a cantilever. Let’s choose the even function F (t) (see
Fig. 4),
F (t) =
{
F, −Tc/4 < t < Tc/4,
−F, −Tc/2 < t < −Tc/4, or Tc/4 < t < Tc/2.
(11)
The Fourier component of F (t) on the cantilever’s fre-
quency, ωc, is: Fω cosωct, where the amplitude, Fω, is
(below, to simplify notation, we use Fω instead of Fωc),
Fω =
2
Tc
∫ Tc/2
−Tc/2
F (t) cosωctdt = 4F/pi. (12)
This component drives the resonant vibrations of a can-
tilever.
3. A signal from a single proton spin
One of the most important problems of MRFM is the
detection of a single proton spin. Now we estimate the
opportunity to detect a single proton spin using a method
described in section 2. The gradient of the magnetic field
produced by a spherical ferromagnetic tip is given by the
expression: |∂Bz/∂z| = 2µ0Mr3/(r + d)4, where µ0 is
a permeability of the free space (µ0 = 4pi × 10−7H/m),
M is a magnetization of a tip, r is its radius, and d is
a separation between the tip and a spin [7]. Assume
that the iron tip of the radius r = 300
0
A is placed at
d = 100
0
A from a spin. It provides the gradient |∇Bz | ≈
4.5 × 107T/m. The magnetic moment of a proton is:
m0 ≈ 1.4 × 10−26J/T. For the gradient, 4.5 × 107T/m,
we get the magnetic force: F = 6.3 × 10−19N. The cor-
responding value of Fω in Eq. (12) is: 8.0× 10−19N.
To estimate the effect produced by this force, we con-
sider, as an example, an ultrathin silicon cantilever re-
ported in [8]. It had a thickness, tc = 600
o
A, and a
length, lc = 0.22µm. Substituting these values in Eq. (7)
and taking the Young’s modulus, E ≈ 1.6 × 1011N/m2,
and the density, ρ = 2.33 × 103kg/m3, one derives
the experimental value of the cantilever’s frequency:
ωc/2pi ≈ 1.7kHz. Other reported in [8] quantities are:
the spring constant, kc = 6.5 × 10−6N/m, the quality
factor, Q = 6700, the noise bandwidth ∆f = 0.4Hz.
In experiments [8], the electrostatic test force,
Fω,rms ≈ 3.6 × 10−17N, produced the vibration ampli-
tude corresponding to Eq. (9),
zc,rms = (Q/kc)Fω,rms ≈ 370
o
A . (13)
The noise level observed at room temperature (T = Tr =
300K) corresponds to the value estimated from Eq. (10):
zrms(Tr) ≈ 250
o
A. Thus, the minimum detectable force
at room temperature was,
Frms(Tr) = (kc/Q)zrms(Tr) ≈ 2.4× 10−17N. (14)
The rms force produced by a single proton is,
Fω,rms = Fω/
√
2 ≈ 5.7× 10−19N. (15)
A cantilever described in [8] could detect such a force at
temperature,
T < 300(Fω,rms/Frms(Tr))
2 ≈ 0.17K, (16)
as Frms ∼ T 1/2.
Note, that the induced periodic inversion of a single
proton spin assumes that the probability of spontaneous
inversion, Ws, is negligible during the time of the ex-
periment. On the other hand, driven oscillations of a
cantilever can be observed at times: t > 2Q/ωc. This
imposes a restriction on the probability, Ws: W
−1
s >
2Q/ωc. For parameters in [8], it gives: W
−1
s > 1s.
Now we shall discuss a possible improvement of can-
tilever’s parameters which make the opportunity of a sin-
gle proton spin detection more feasible. First, we rewrite
the expression for the spring constant taking into consid-
eration Eq. (7),
kc = (λ
4
1
/48)wcE(tc/lc)
3. (17)
Combining the minimum values of the thickness and the
width with the maximum value of the length reported in
[8],
tmin = 500
o
A, lmax = 0.40mm, wmin = 4µm, (18)
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we get: kc = 3.4× 10−7N/m, and fc = 0.43kHz. Now, it
seems to be reasonable to expect the increase of a can-
tilever’s quality factor to 105 and the gradient of mag-
netic field to 108T/m. For such combination of parame-
ters, we have the magnetic force: Fω,rms ≈ 1.3×10−18N,
and the corresponding vibration amplitude: zc,rms ≈
3800
o
A. Assuming that the noise bandwidth, ∆f , is pro-
portional to fc/Q, we get: ∆f ≈ 6.8 × 10−3Hz. Thus,
the noise level at room temperature will be: zrms(Tr) ≈
1100
o
A, and the minimum detectable force: Frms(Tr) ≈
3.7 × 10−19N. In this case, a single proton spin can be
detected even at room temperature.
Conclusion
In this paper, we discuss the opportunities of a single
spin detection using MRFM. We point out that conven-
tional MRFMmethods cannot perform a single-spin mea-
surement. They are based on detection of the resonant
vibrations of a cantilever driven by the oscillating mag-
netic moment of a sample. For a single spin interacting
with a measurement device, one faces quantum jumps
rather than oscillating magnetic moment. We propose
modification of the traditional MRFM which allows a
single-spin measurement. The main idea is that under
the action of a short rf pulse, the spin changes its orien-
tation in a time interval small compared with the period
of the cantilever. During this small time interval one
can consider the spin as a pure quantum system in an
external field. Next, one applies a periodic sequence of
rf pulses. If the time interval between rf pulses is equal
to a half the period of the cantilever, one can observe
the resonant vibrations of a cantilever as well as they
were produced by the oscillating magnetic moment. We
have estimated the possibility of detecting a single pro-
ton spin using the method suggested in this paper. For
an ultrathin cantilever with parameters reported in [8],
a proton spin could be detected at temperatures below
0.17K. Expected improvements of cantilever parameters
promise to increase the temperature region up to room
temperatures.
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Figure captions
Fig. 1: Driving the resonant vibrations of a swing pushing
it periodically back and forth during short time-intervals.
Fig. 2: Schematic experimental set-up of MRFM: B0-the
permanent magnetic field; B1-the radio-frequency (rf)
field; Bf -non-uniform magnetic field produced by a fer-
romagnetic particle, F , in the sample, S.
Fig. 3: Dimensions of a cantilever: lc, wc, and tc – the
length, width, and thickness of a cantilever.
Fig. 4: Periodic force, F (t), generated by a single spin.
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